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For 1 < k, 2k < n, and 2 G j < 2k + 1, let f(n, k, j) be the maximum 
possible number of complete subgraphs on j vertices among all graphs G on n 
vertices where the maximum number of independent edges in G is k. ErdGs and 
Gallai, in 1959, determined f(n, k, 2). In this paper we determine f(n, k, j) for 
all j > 2. We also show that the extremal graphs in the case of general j are the 
same as in the j = 2 case. 
1. INTRODUCTION 
Let Ki denote the complete graph on j vertices. For 1 < k, 2k < a, 
2 < j < 2k + 1, define f(n, k,j) to be the maximum possible number of 
complete subgraphs on j vertices (called Kj-subgraphs) that can occur in a 
graph G on n vertices where the maximum number of independent edges in G 
is k. (Here graphs are without loops or multiple edges, and a set of edges is 
independent if no two of the edges share an end point.) An (n, k, j)-graph is a 
graph G on n vertices where k is the maximum number of independent edges 
in G and where G has f(fz, k, j) K,-subgraphs. Such graphs will be called 
extremal graphs. 
In 1959 Erdos and Gallai [2] determined f(n, k, 2). They also found the 
(n, k, 2)-graphs. Here we determine f(n, k, j) for all 2 < j < 2k + 1, and 
show that the extremal graphs are “essentially” (see Remark 3 in Section 2) 
the same as in the j = 2 case. 
2. STATEMENT OF THE THEOREM AND REMARKS 
Fix k > 1 and n > 2k. We define two graphs G, and G1 as follows: GO 
consists of a component I&,+, together with IZ - 2k - 1 isolated vertices. 
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G, consists of a subgraph Kk and n - k other vertices each of which is (edge) 
joined to every vertex of Kk and to no others. 
THEOREM. Letk>l,n>2k,andfifixj,2<j<2kfJ.Then 
f(n, k,j) = Max ((“k; ‘1, (;) t tj k I) . (I? - k)) = M. 
Also G, and G, are the only possible (n, k, j)-graphs, G, [G,] being an (n, k, j)- 
graph ifand onIy iftheJirst [second] expression equals M. 
Remarks. (1) From the theorem, for k + 2 ,< j ,( 2k + 1, f(n, k,j) = 
(““I”) and G, is the only (n, k&-graph. 
(2) It is possible for G, and G, to both be an (n, k,,j)-graph (e.g., n = 14, 
k = 5, j = 2). 
(3) If G, is an (n, k, 2)-graph, it need not be an (n, k, j)-graph for 
j > 2; eg., G1 is the only (15, 5, 2)-graph and G, is the only (15, 5, 3)-graph. 
Indeed, for 2k + 1 > j > k + 2 G, is always the only (n, k, j)-graph, yet G, 
could be an (n, k,,j)-graph for j < k + 2. However, it is easy to show from 
the theorem that if G, is an (n, k, j)-graph, then G,, is an (n, k,j + l)-graph 
(and the only one) for 2 <j < 2k. 
(4) The j = 2 case of the theorem is due to Erdiis and Gallai [2]. 
3. PROOF OF THE THEOREM 
Let G be any graph on n vertices where the maximum number of indepen- 
dent edges in G is k. In [2, pp. 354-3551 it was shown, using the theory of 
alternating chains (see [I, Chap. 18]), that there exists a subgraph A of G 
where A has (connected) components A, ,..., A, (m > 1); 1 Ai / = 2aj or 
2ai + 1 for i = l,..., m; B = G - A, / B 1 = b, 0 < b < k, and 
gl ai = k - b. 
Here 1 S 1 denotes the cardinality of the set S. 
We will make use of the identity 
(2) 
For j > 2 and H a graph define w,(H) as the number of K,-subgraphs of 
H. 
w,(Ai) < (2a’f ’ j = (2j?) + (j2”“1) . 
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Thus for j > 2, 
In the second inequality we have used (1). 
Let wi’(G) equal the number of &-subgraphs of G that have at least one 
vertex in B. Then for j >, 2, 
Thus from (3) and (4), 
‘VA@ = n’j(A) t W,‘(G) < (2k - 7 ’ ‘) + ( 4) + fj f ,) * (n - b) 
+ ,g ij b ij(2k - :” + ‘j . (5) 
Applying the identity xi=, (jZi)(:) = (‘:y) to the right side of (5) we obtain 
WAG> G ( 
2k-bbl 
j ) + (n - 2k + b - l)ii ” 1) = gj(b). (6) 
Now define Mi=maxgj(b) over all b = 0, I,..., k. We will show that 
gj(b) = Mj implies b = 0 or k. Assume k > 1 or else we are done. 
Define d,j = gi(b + 1) - gj(b) for b = 0, l,..., k - 1. Using (2) we have 
that 
Thus A,j is an increasing function of b. It therefore follows that gj(b) is a 
convex function of b and that gj(O) or g$(k) is greater than or equal to g,(b) 
for all b = l,..., k - 1. Also, if there exists a b such that A,i # 0, then 
gj(0) or gj(k) is greater than gj(b) for b = l,..., k - 1. But d,j = -(j”_“,) < 0 
for 3 < j < 2k + 1, and since Ab2 = n - 4k + 3b we have A,2 # 0 for 
n # 4k and Al2 # 0 for n = 4k. Thus it4j = g,(b) implies b = 0 or k. 
Now wj(GO) = gj(0) and w,(Gl) = gj(k). So Mj = f(n, k,j) and G, or G, is 
an (n. k,j)-graph. The proof of the theorem will be completed by showing 
that these are the only such graphs. To this end let us assume that G in an 
(n, k, j)-graph. Thus w,(G) =f(n, k,j) = Mi = g?(O) or gj(k). We have 
equality in (6) with b = 0 or k. We must show that if b = 0 [b - k], then 
G = G, [G = G,]. Equality in (6) implies equality in (3) and (4). 
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Case b = 0. Equality in (3) implies CL, (f!;) = (PI). Since j - 1 < 2k 
(and since Cz, 2ai = 2k) we conclude forj 2 3 that ai = 0 for all but one i 
(say for i = 1). We arrive at the same conclusion for j = 2 as equality in (3) 
also implies Cz, (*p) = (“j”>. Since Ai # O, we must have ) Ai ) = 2ai + 1 
=1fori>2.Nowa,=C~,ai=k,whenceIA,I=2kor2k+I.But 
equality in (3) implies wj(A,) = w,(A) = (““j+l); therefore A, = K,,,, and 
G = G, . 
Caseb=k. For k+2,<j<2k+l, gj(0)>g,(k). Thus j<k+l 
and therefore the term (j!l) . (n - k) is present (i.e., is nonzero) in (4). Thus 
equality in (4) imples that B = Kk and that every vertex of B is joined to 
every vertex of G - B = A. By (3), w,(A) < (i) = 0 for i > 2; so w,(A) = 0. 
Therefore G = G1 and the theorem is proved. 
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